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Outline I

e Generalized Integrated Interleaved Reed-Solomon (GII-RS) codes

— Code characterization
— Hard decoding algorithm
— Performance analysis

— Systematic encoding algorithm

e Generalized Integrated Interleaved BCH (GII-BCH) codes

— Code characterization
— Hard decoding and performance analysis

— Systematic encoding
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II-RS Codes |

— r — b=0

ao(x) po(X) €Cy S C1

| am-2+(X) | pm-2-4(X) | € Co<
rn b=v-1
| am1v(X) | p-1v(X) | eC,H S Cl
| amv(X) | pmv(X) | e CoZ
| am2(X) | pm-2(X) | IS Co/
| am-1(X) | pm-1(X) | eC,
e An II-RS code is defined as
m—1
A bi
C=<c=|cyg,c1,Coy...,Cp1] . ¢; € Cy, g a’’c; €C, 0<b<uw
1=0

where v < m < ¢, and {C;(n, k;, d;)}._, are RS codes satisfying C; C Cy.
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GII-RS Codes |

— r

| ao(x) | po(x)
r2

| ao(x) | po(x)
Fv-1

| an24(x) | Pr2(X)
Iv

| am1v(x) | Pr-1v(X)
o

| am-v(X) pm-v(X)
o

| an2(x) [ e
o

| ana(x) [ o

e A GII-RS code is defined as

m—1
A .
C = {c:[co,cl,CQ,...,cml] . ¢c; € Cp, g ac; € Cypiq, O§b<v},

i=0
where v < m < ¢, and {C;(n, k;, d;) }i_, are RS codes satistying

C,CCyp1CCyaC...CCHCC
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GII-RS Codes |

e GII-RS Characterization
Let Cy D C1 D Cy D Cy1 DCy. A GII-RS code C(N, K, dyi) 15 a linear
block code of length N = mn, dimension K =Y. ki + (m — v)ko, and
manimum distance

dmin = min{(v + 1>d0, ’Udl, ce ,Zdv_l, dv}

e Proof for dimension:

For a codeword ¢ = [cg, ¢y, . . ., €] € C, we define a mapping word #'(c) = [¢{,...,C,_1,Cpy- - - Cry—1]
such that ) ) _ oo ;

c 1 1 | Co

c} a o oMl C1

Cg;—l oV 1 a2(v—1) o a(m—l)(v—l) Cr 1

Since the connection matrix is a Vandemonde matrix, we have ¥'(c) # #(c) iff ¢ # ¢’. By
definition,
¢ €Cy, i=0,1,2... 01

Therefore, we obtain the size of the code
IC| =|7(C)| = qZ%):1 kit(m—uv)ko_
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e Proof for minimum distance:
If a codeword c has at least v + 1 nonzero interleaves, then its Hamming weight is at least

(v + 1)dy. On the other hand, let

1 1 1 1
2 v (0)
c ) 1l=o
I oV 1 a?(v—l) o &U(U—l) ] 1(}0) |

and ¢y € Cy be with minimum Hamming weight dj, then the codeword in C

C = [C()a 7%0) z(;O)C()a Oa I 0}

has exactly v + 1 nonzero interleaves and weight (v + 1)dy.
When a codeword c¢ has exactly v nonzero interleaves, it can be shown that all its nonzero

Co, .-y

component words must lie

and c; € C; be with minimum Hamming weight dy. It is easy to verify that

(1)

in C;. let v
a ol
o ot
ot~ o201

C = [Cla 7;1)

7’}/2

1)

.

.

Cyi,..

. O

° )

(1)

v—lcl?

(1)

oy Yy, satisty
U 1717 1 ]
v 1
2 ”Yi )
v— 1
e 4L %g—)l _

0,...,0]

is a valid codeword in C with minimum Hamming weight vd;.

Proof is concluded by induction.
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GII-RS Codes for Advanced RAID System \

e An example of RAIDG

DD DIDDDIDDDIDIDDP|P

e An example of advanced RAID system using GII-RS scheme.

DIDID/DD|DD|DDDDDPIP
DIDIDIDD|DD|DDDDDPIP
DIDDDD|DD|DDDD P PP
DIDID/DD|DD|DD DD DDIP
DIDIDIDID|/DD|DDDDDDIP
DIDD/DD|DD|DDDDDDIP
DIDIDDDI/DD|DDDIDDDIP
DIDDDD|DD|DDDDDDIP

e GII-RS scheme provides stronger protection with smaller disk overhead than
the conventional RAIDG.
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RS Decoding Basics |

e Syndrome Computation and resulting polynomial

Si 2 yla'™) — el = yla'™), i=0,1,2,...,2t — 1.

S(il?) é So + S1x + 52562 + ...+ Sgt_15132t_1.

e Lrror locator polynomial

A(z) = H(l — Xiz) =14+ Ao+ Aoz + ..+ Aa”.

1=1

e Frror evaluator polynomial

Oz) = ZYZ-Xi H (1 —Xjx)=Q+ o+ Doz + ...+ Qu_qzt 1t
i=1

j=1.j#i

e Key equation

e High-order syndrome computation

S = —AS; 1 — AoSi 90— ... — NS . 0>t
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Berlekamp-Massey Updating Algorithm |

o Tnput: [So, ..., Swu_ts o oovs Sor ], A®)(2), BE(z), LY 1P
e Forr=2¢,2t+1.2t+2,....2t' =1, do:
— Compute A =S4 A g
— Compute AU+Y(z) = AW (2) — AW . 2B ()
— IfA® £0and LY < LY, then
x Set BUH(z) « (A7 AW (1)
* Set LXH) — Lg) + 1, Lgﬂ) — LX>
— Else
x Set B (z) « 2B ()
w Set LV LU LU ) 4

)

e Outputs: A (z), B®)(z), L(A%I)? Lgt’)
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GII-RS Decoder Block Diagram
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GII-RS Decoder Characterization I

e Decoding capability

By neglecting miscorrection of interleave self-decoding, let ey, e1, ..., €m_1
denote the number of errors over received interleaves y, y1, ..., Ym—1, respec-
tively, and be reordered in ascending order e¢;, < ¢, < ... < ¢; ., then the
decoding is successful iff
A dyj—1 .
e, Stoj=|—=—], j=0,12,... 0.

2
e Decoding failure probability

p=Y (7;}) ( 3 ¢$<ps>)b (Z ¢:;<ps>> .

b=1 w=ty+1

v—1 m m Lit1 b t; m—0b
X (N3 ae) (L)
1=0 b=v—i+1 w=t;+1 w=0

where @ (ps) is the probability of having w errors among n symbols, and p
the symbol error rate.
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Frame—-Error—-Rate

Y

A <P SHLWw

Un-nested( 8, 255)
—B— 1I([8, 1], 255)
—O0— 1I([8, 2], 255)
—<—1I([8, 3], 255)
—b—1I([8, 4], 255)
—A— |I([8, 5], 255)
—— [I( [8, 6], 255 )
—O— II([8, 7], 255)
—o— 11-3([8, 2, 1], 255)
—H— 11-3([8, 4, 1], 255)
—0— GII([8, 2], 255)
—<— GII([8, 3], 255)
—b— GII([8, 4], 255)
—4A— GII([8, 5], 255)
—*— GII([8, 6], 255 )
—e— GII([8, 7], 255)

12
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GII-RS Decoder Characterization I

Performance comparisons of various nested RS codes optimized under the
symbol-error-rate of 0.02.

Nesting Scheme dmin | P.(0.02) | P,(0.02)
Un-nested(8, 255, 33) 33 | 1.55e-4
[1([8, 1], 255, [31, 47)) 47 |1.37e7 | 5.5led
11(]8, 2, 255, [27, 51)) 51 121468 |5.78¢-3
[1([8, 3], 255, [25, 47)) 47 6.096-9 | 1.690-2
11([8, 4], 255, [21, 45)]) 45 16.0le8 |0.111
11([8, 5, 255, [19, 43]) 43 | 1.58e-7 | 0.242
GII([8, 2], 255, [29, 37, 53)) 53 | 7.480-10 | 1.84¢-3
GII([8, 3], 255, [27, 33, 39, 57]) 57 2.090-11 | 5.78¢-3
GII([S, 4], 255, [25, 29, 35, 41, 59)) 50 | 1.78¢-12 | 1.69¢-2
GII([8, 5], 255, [23, 27, 31, 35, 43, 59]) 59 | 5.97c-13 | 4.540-2
GII([8, 6], 255, [23, 25, 27, 31, 35, 41, 59]) |59 | 2.530-13 | 4.540-2
GII([8, 7], 255, [21, 23, 25, 27, 31, 35, 43, 59]) | 59 | 1.29e-13 | 0.111

13
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GII-RS Decoder Characterization I

Performance comparisons of various nested RS codes optimized under the

symbol-error-rate of 0.01.

Nesting Scheme dmin | P.(0.01) | P;(0.01)
Un-nested(8, 255, 33) 33 | 1.12e-8

[1([8, 1], 255, [31, 47]) A7 5.380-15 | 7.960-8
11([8, 2], 255, [27, 51]) 51 | 2.55¢-17 | 3.31e-6
1([8, 3], 255, [23, 51)) 51 | 2.356-17 | 1.04c-4
[1([8, 4], 255, [19, 47]) 47273015 | 2.340-3
[1([8, 5], 255, [19, 43]) 43| 2.640-13 | 2.340-3
GII([3, 2], 255, [29, 35, 55)) 55 | 1.13¢-18 | 5.310-7
GII([8, 3], 255, [27, 31, 39, 59) 50 117021 | 3.310-6
GII([8, 4], 255, [25, 27, 33, 41, 63)]) 63 | 9.510-23 | 1.930-5
GII([8, 5], 255, [23, 25, 29, 33, 43, 65)) 65 | 5.060-25 | 1.040-4
GII([S, 6], 255, [21, 23, 25, 29, 35, 43, 67]) |67 | 5.690-26 | 5.150-4
GII([8, 7], 255, [19, 21, 23, 25, 29, 35, 45, 67]) |67 | 2.68¢-26 | 2.340-3
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GII-RS Encoder (v =1) |

0
—>
. j Encoder
X) I -fo (D » : T »C*(X
3 Delay Y with g (x)  Sa— o™

Encoder

a,(x) : with g (x)

Y

»C (X)

Encoder
with g (x)

a,(x)

Y

»C(X)

Encoder
with g, (x)

Y

ayx)

3 »>C 3(X)

Co@) ( +Z%1 Toal :C ) gl(x>> - [CLO(CE) + 2%1—Toai<x)v pg(w)] :

which yields the desired Codeword co(x), to encode ag(x),

) 2 i) = e [ ,ps<x>—§_}%1ci<x>].

1=1
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GII-RS Encoder I

e Encoding linear equation system

([ co(x) +er(x) +... e () =Y e(x)  (mod gi(z))
co(z) +aci(z)  +... +a' e, () =—-> a cz( ) (mod gs(x))
$ co(w) +alei(z)  +... +oz( Yey_1(z) =—-> YaZici(z)  (mod gs(z))
| co(z) +a' o)+ +a(”_1)(”_1)cv_1($) = S 1o/ Dey(z)  (mod gy(z))
e To determine cy(z), it suffices to relax modg;(x), ¢ = 1,2,...,v, to mod
g1(x), i.e

(

co(z) +c1(x) + ... +cy_1(x)
co(r) +ac(z)  +... +a' e, q(x)
¢ colx) +ale(z)  +... 420 Ve, (2)

=Y elw)  (mod gi(x))
— iz Oécz( ) (mod gi(z))
—Z 'aPe(z)  (mod gi(x))

.C()(ZIZ) ;l—OZU_1€1<SC> +.... .Jroz(“_l)(“_l)cv 1(x ) =S ol Ney(x)  (mod gy(z))
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GII-RS Encoder I

e Denote by 6; the determinant

0,

4

87
87

a

. i(v—1)

1

i(i+1)

ol
o

87

and by 0; ; the determinant

A ol

9@',] o

1

i+1)

v—1) |

e Solution of ¢y(x)

i(i+1)
i+1)(i+1)

o
ol

ol

v—1)(i+1) |

i+1) N
(i4+1)(i+1) N

. (i+1)(v=1)

al

ol

ol

. all
(i+1)(v

(i42)

i+1)(i+2)

v—1)(i+2) |

.

v—1)

. a(v—l)(v—l)

ol

. al

. al

—1)

Y

(v=1)
i+1)(v—1)

v—1)(v—1)

17

D0<i1<w

I

o) = 3 ioyes(x) - (mod g1(x)

JAN
where p; j = 0. 16@]- are pre-computed.

j=uvorj<au.
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GII-RS Encoding Algorithm |

1. Apply LFSR encoding to a,(z), ayi1(x), ..., am_1(x), respectively,
ci(z) = & (ai(z), go(x)) =lai(z), pi(z)l, i=v,v+1,...,m—1,
where deg(p;(z)) < ro, v < i < m.
2. Fori=012 ... v—1, do

(a) Compute message a}(x)
a;(z) = a;(z) + Z Hij - %Hl—roaj(x)
0<y<,v<y<m

where %,.a(x) = (a(x)—Zra(x))/x" or Ular_1, ag_2, ..., agl 2 ap_1,Q5_2,...,a]

(b) Apply LFSR encoding to aj(x) with respect to g;+1(x)
& (a; (@), gini(r)) = la;(x), pj(z)
(¢) Determine the parity polynomial p;(x) associated with a;(x)
pi(x) = p;(z) — Z pij - Ly Ci ()
0<j<i,v<j<m

A A
where Z,a(x) = a(x) mod x" or L lag_1, ar_o,...,a9] = |ar_1,a,_2, ..., agl.
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GII-BCH Codes |

A
© =112 VL N0) = 10T Y20 L a0,
where v; € GF(2), 0 <1 < q.

A o
o (x) =y, 179 + 4,007 + ..+ Y12 + 70, which yields

a(x’!) =2 mod ¥(x) (Y(z) denotes the primitive polynomial)
aly)=v, ¥y e GF(g),

o(z)=a(a'), 0<i<yg,

“Hz)=afz)™" (mod ¥(z)).

e A GII-BCH code is defined as
CA{C[C())ClaCQJ"':le] Z ECO) Za bZ CZ Ecb—i—lv O<b<’U}

where {C;(n, k;, d;)}?_, are binary BCH codes over GF(27) such that

CoDCiDCoD...0>Ch1 DC,.
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Key Insight |

o Let¢(x),i=0,1,...,v—1, be BCH codewords in Cy. If

1 1 o1 co(x) co(x)

a(r)  az?) oa(xtTh c1(x) | ()

oz’ a(z?D) L ez D) Cp_1() ¢ 1(x)
lies in Cy, where C; C Cy. Then, ¢;(x),1=0,1, ..., v — 1, must lie in C;.

e Proof: It suffices to show that each ¢;(z), ¢ =0, 1, ..., v — 1, contains all
roots of %. Let v be a root of %. Evaluating the above equations with
x = 7y, we obtain

11 1 1 [ey) | [0]
vy 7 a(y) | _ |0
i ’}/U_l ,YQ(U—l) o ,y(v—l)(v—l) 11 Cv—l(’Y) _ i 0 |

Since the connection matrix is non-singular, the above equality indicates ¢;(y) =
0, ¢=0,1,...,v— 1. Therefore, ¢;(x), 1 =0, 1, ..., v — 1, all divide ¢1(x).
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GII-BCH for Flash Memory |

e Flash page size (current): 16KB + 8-12% overhead
e GII-BCH configuration

2KB data ag(x) parity po(x)
2KB data a1(x) parity p1(x)
2KB data as(x) parity po(x)
2KB data as(x) parity ps(x)
2KB data ay(x) parity p4(x)
2KB data as(x) parity ps(x)
2KB data ag(x) parity pg(x)
()

2KB data a-(x

parity pr(x)
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GII-BCH for Flash Memory |

e BCH code with 2KB data operates in GF(2%).
—15-bit full multiplier uses 224 XOR's
~14-bit full multiplier uses 273 XOR’s (for 1KB data size)
~16-bit full multiplier uses >512 XOR’s (for 4KB data size).

e Equal data size must be enforced to accommodate 4KB random read. This
results in unequal word length and uneven read location.

e For random read, superior error-correcting performance is only achieved at
twice long latency (using an extra read) over the un-nested scheme.



